J. THERMOPHYSICS, VOL. 17,NO. 2: TECHNICAL NOTES 289

Acknowledgments

M. Papari expresses his gratitude to the Iranian authorities for
granting him a leave of absence to work on this project. He is also
thankful to B. Roomiany for assistance.

References

'Bénard, H., “Les tourbillons cellulaires dans une nappe liquide trans-
portant de la chaleur par convectionen régime permanent,” Annales de
Chimie et de Physique, Vol. 23, 1900, pp. 62-144.

2Jakob, M., “Free Convection Through Enclosed Gas Layers,” Trans-
actions of the American Society of Mechanical Engineers, Vol. 68, 1946,
pp- 189-195.

3Polling, B. E., Prausnitz, J. M., and O’Connell, J. P, The Properties of
Gases and Liquids, McGraw-Hill, New York, 2001.

Modified Generalized Hard Sphere
Collision Model for Direct Simulation
Monte Carlo Calculations
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Nomenclature
o = @ /f"l /2
i = distributionof y
g N = relative speed )
(8min> Vmin) = pointof minimum V for generalized hard sphere
) (GHS) model
@&*,vH = modified GHS (MGHS) transition point
m = molecular mass
Npairs = number of possible collision pairs to test
n = number density
R = specific gas constant
T = temperature
Vv = o0g « collision probability
Vinax = maximum value of V
v = variable hard sphere model parameter
U, Uy = GHS model parameters
o = MGHS model parameter
y = non-dimensional collision speed=g/(4RT)'/?
At = simulation time step
" = coefficient of viscosity
v = molecular collision frequency
P = mass density
o = total collision cross section
o, = viscosity cross section
Toom = nominal collision time
¢ = GHS model parameter
Q = weighted average o,
Subscript
r = reference value
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Superscript

A = normalized value; X = x /x,

Introduction

N THE direct simulation Monte Carlo (DSMC) technique for

modeling rarefied gas flows,! collision cross sections are usually
determined using phenomenological molecular models. The most
common DSMC molecularmodel is the variable hard sphere (VHS)
model, described by Bird,! where o g~%¥. The VHS model has
the same variation of o, with g as the inverse power repulsiveinter-
molecular potential, but with hard sphere scattering. Consequently,
the VHS model gives a power law viscosity relation p oc TV 1/2,
whichisinaccuratefor most gases overextended temperatureranges
with T < 1000 K.

The generalizedhard sphere (GHS) model, introducedby Hassan
and Hash,? is an extension of the VHS model to include terms that
model both repulsive and attractive potentials. For the GHS model,
o may be written as

where g, = (4RT,)!/? and T, is an arbitrary reference temperature.
Although any number of terms N may be used, the present analysis
is limited to N =2. When o, =0, + 0, and 0| = ¢o, are used, the
GHS cross section is described by

6=¢p8+(1—¢)g "

Values of the constants o,, ¢, vy, and v, are determined using vis-
cosity data.

The GHS model can represent the viscosity behavior of gases
more accurately than the VHS model over temperature ranges with
T < 1000 K, where attractive intermolecular forces have a signifi-
cantinfluence. Despite this advantage,it appearsthat the GHS model
is not used because of its poor computational efficiency. Only one
DSMC study using the GHS model appears in the refereed litera-
ture (Hash et al.?), and the model proposed by Kuscer,* which may
be considered as a special case of the GHS model, has been used
only by Boyd,> who noted that o for this model approachedinfinity
as g — 0, but did not make any specific comments regarding com-
putational efficiency. Here we introduce a modification to the GHS
model that significantly improves the computationalefficiency, with
minimal but advantageouseffectson the viscosity behaviorof argon.

Viscosity and Collision Frequency for the GHS Model
The Chapman-Enskog viscosity for a given viscosity cross sec-
tion 0, (g) is

_ 5m (zRT)?

= where Q(f"):/ v, exp(—y?) dy
8 o) , P

For hard sphere scattering, o, = 20/3. It can be shown that Q(f")
for the GHS model is

Q@) = (0,/3)[¢T " T@—v)+ (1 —PHT I @d - vy)]

For Ar, 0,=6.425x 107" m? can be obtained by using u, =
2.283x107° Pa-s at 7,=300 K (Ref. 6) and (¢, v, vn) =
(0.61, 2/13, 14/13). These parameters give a reasonable fit to the
Ar viscosity data recommended by Kestin et al.® (Fig. 1). In Fig. 1,
the reference quantities® are as follows: p, =2.283 x 10~ Pa-s
at T, =300 K. The GHS parameters are o, = 6.425 x 10~'° m?
and (¢, v, v;) =(0.61, 2/13, 14/13). The MGHS parameters are

a=0and (&*, V*) = (&min> Vmin) (Fig. 2). The power law relation
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Table1 Summary of collision rates and computational efficiency

Tests Collisions Theoretical CPU time
performed performed collisions relative to
Per Thom Per Tnhom Acceptance Per Thom VHS CPU
Model T,.K per simulator per simulator rate, % per simulator time
GHS 100 1022 2.009 0.197 1.997 83.5
GHS 300 2474 1.547 0.625 1.547 243
GHS 3000 17.76 1.200 6.76 1.182 2.29
MGHS 100 1.804 1.551 86.0 1.556 1.14
MGHS 300 2.232 1.430 64.0 1.435 1.15
MGHS 3000 2.487 1.160 46.7 1.180 1.02
VHS —_— 2.390 1.201 50.3 1.190 1
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Normalised temperature = 7' = T/T,
Fig. 1 Reduced viscosity /T2 = (u/p (TIT)V? 1/ Q vs T.
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MGHS, g* = gmin/2;
o tangent to curve at g = g*

VIV,

100 ________________
MGHS, ¢" = gmmn, @ =0

107! 10° 10 107
Normalised relative collision speed = § = g/g,

Fig. 2 V= VIV, =0ogl(o,g) vsg =glg, for GHS and MGHS models; see
Fig. 1.

ispu=u,(T/T,)"/>+v, where v =0.22. Note that the GHS viscosity
is unrealistically low for 7 < 100 K. This arises from a large cross
section and consequent high collision rate.

The probability of collision between two particles with rel-
ative speed g is proportional to ocg=V. Figure 2 shows
V= V/V,=0g/(0,8,) vs § for the Ar parameters. It is apparent
that V — 0o as § — 0. The number of possible collision pairs tested
Npairs is proportional to the maximum value of V found in the sim-
ulation, denoted V,,,,. The probability of collision is given by the
ratio V / V,,..x. Because V,,,, becomes extremely large when possible
collision pairs having § < gmin are found, N, becomes extremely
large, and each possible collision pair has a small probability of
actually participating in a collision. This has an adverse effect on
computational efficiency, particularly when 7T is low.

The collision frequency v is given by v =n(og), where (o g)
represents the mean value of og over all possible collision pairs.
The equilibrium distribution of y is f, = 4/7'/?)y? exp(—y?),
from which the collision frequency for the GHS model

vons = 20V, (T/m) [T T @ —v) + (1 = 9)T T2 — )]
(1)

may be obtained. If either v, or v, > %, as in the present case, then
vgus —> o0 as T — 0.

Modified GHS Model

If the GHS model is modified such that V is limited at low 8,
the computational efficiency of the model will be improved. Let the
curve of V vs g for the GHS model be modified below a transi-
tion point (§*, V*) on the curve with §* < gmin. The modification
is linear, such that a finite value of V is obtained when g =0. The
gradienta = dV /dg of the linear portion is set equal to the tangent
slope at the transition point, given by

a=¢(1—20) " + (1 —¢)(1 —20,)§ 7> @)

Alternatively, for simplicity, « =0 could be used.
Forg < g*,V=a(g — &*) + V*,and the modified GHS (MGHS)
cross section is given by

- {a + /B~ ag")
67 + (1 = )

Two possibilities are shown in Fig. 2: g* = gy, with o =0 and
g = gmin/2 With & set to the gradient as given in Eq. (2). The fol-
lowing equations are derived for general o, g*, and V*, but compu-
tational efficiency is examined for the first possibility only.

It may be shown, after considerable calculus and algebraic ma-
nipulation, that

when g <g*

when g > g*

Q(T) = 20,/3)(A + B)
where

A(T) = a[0) — @]+ T3 (V" — ag")s(0) — Is@)] (3)

2B(T) = ¢T™'T (4 —vi,a®) + (1 — )T T (4 — vy, a*)

1,(a) =f y" exp(—y?) dy

where n is an integer and
o0
LG, B) = f /7L exp(—x) dx
B

I'(j, B) is the incomplete gamma function. Algebraic expressions
for the I, terms thatappearin Eq. (3) are givenin Ref. 1. The MGHS
viscosity is plotted in Fig. 1. At T =100 K, pumcns/ ous ~ 1.025.
This ratio decreases rapidly at higher 7. At very low T, the
MGHS model gives a viscosity closer to the recommendations of
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Kestin et al.% than the GHS model. This suggests that the assump-
tion of a finite collision probability at g =0 is more realistic than
the infinite value given by the GHS model.

The collision frequency of the MGHS model vygus =n{og) is
given by

vans = 4nV, (T /m)? (C + D) )

where C and D are similarin formto A and B, respectively,and are
given by

A

() = a[L0) — L]+ T3 (V" — ag"L(0) — La)]
2D(T) = T "'T(2 - v, a?) + (1 — )T T (2 — v, a?)

From Egs. (1) and (4), it can be shown that vygus is considerably

lower than vgys for T < 1. For example,at T = (1, 0.5, 0.1, 0.05),
Vmchs/ Veus ~ (0.92, 0.83, 0.49, 0.35).

Computational Efficiency

The computational efficiency of the GHS and MGHS models
under conditions of thermal equilibrium was determined by simu-
lations for a set of 1000 monatomic simulator molecules for a time
of 100T,om, where Thom = 7 igus/ (4pRT). The simulation time step
At was 0.47,,,. Temperatures of 100, 300, and 3000 K were simu-
lated. At each time step, the number of collision pairs tested and the
actual number of collisions performed were recorded. Simulations
were also performed using the VHS model, with v =0.22 and the
viscosity matched to pgys. The number of collisions per simulator
particle per time Tyom is independentof 7" for the VHS model, and
a single VHS simulation was, therefore, sufficient.

The mean results from the second-half of each simulation are
summarized in Table 1. The results are subject to statistical scat-
ter, but demonstrate the poor computational efficiency of the GHS
model, even at high temperatures. This inefficiency is caused pri-
marily by the high number of pairs tested at each time step due to
very high values of V., but also by the higher collision frequency.
The MGHS model requires no more than 15% more CPU time than
the VHS model.

Conclusions

The GHS model can be modified to limit the collision probability
at low collision speeds. This improves the computational efficiency
both because the number of possible collision partners that must be
testedis dramaticallyreducedand becausethe collisionrateis lower.
No more than 15% extra computational time is required, compared
with the VHS model. For argon at 7 ~ 100 K, the theoretical vis-
cosity is changed by less than 2.5%, and this difference decreases
rapidly as T increases. The modified viscosity is in better agreement
with recommended viscosity values. This modified generalizedhard
sphere model can be used in DSMC simulations, where, to obtain
realistic viscosity behavior at low 7, it is necessary to model the
effect of the attractive portion of the intermolecular potential.
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Nomenclature
A = dimensionless parameter (= ad;/V;)
a = radial velocity gradientat the outer
edge of the boundary layer
ce = specific heat at constant pressure
d = disk diameter
dj, h; = jetnozzle diameter and nozzle-to-disk distance
k = thermal conductivity
Nuy, = local Nusselt number (= q,d/[k(T,, — T,)])
Pr = Prandtl number (= pc,/k)
9w = heat flux at the wall
Re; = jet Reynolds number (= V;d; /v)
Re, = rotational Reynolds number (= wd?/v)
r, Q2 = radial, tangential, and axial cylindrical coordinates
T = temperature
V; = axial velocity at infinity or at the nozzle outlet
v, V,, v, = radial, tangential, and axial velocity components
in cylindrical coordinates
8 = boundary-layerthickness
87 = enthalpy thickness
1
_ v T-T, d
o orTy—Ty
K = nondimensional parameter (= a/w)
J7RY, = dynamic and kinematic viscosity
P = density
Tur = radial shear stress [= p(dv, /dz), -]
Gioe = tangential shear stress [= u(dv,/dz). —o]
X = Reynolds analogy parameter
{= qur/[fwwcp (T — Tw)]}
w = angular speed of rotation
Subscripts
J = parameters of the impinging jet
w = wall
0 = free disk
00 = outer edge of the boundary layer

Introduction

NDERSTANDING of peculiarities of real jets is frequently
based on the solutions of simplified problems. For an
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