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Nomenclature
a = Og¤= OT 1=2

f° = distribution of °
g = relative speed
. Ogmin; OVmin/ = point of minimum OV for generalized hard sphere

(GHS) model
. Og¤; OV ¤/ = modi� ed GHS (MGHS) transition point
m = molecular mass
Npairs = number of possible collision pairs to test
n = number density
R = speci� c gas constant
T = temperature
V = ¾ g / collision probability
Vmax = maximum value of V
À = variable hard sphere model parameter
À1 , À2 = GHS model parameters
® = MGHS model parameter
° = non-dimensionalcollision speedD g=.4RT /1=2

1t = simulation time step
¹ = coef� cient of viscosity
º = molecular collision frequency
½ = mass density
¾ = total collision cross section
¾¹ = viscosity cross section
¿nom = nominal collision time
Á = GHS model parameter
Ä = weighted average ¾¹

Subscript

r = reference value
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Superscript

^ = normalized value; Ox D x=xr

Introduction

I N THE direct simulation Monte Carlo (DSMC) technique for
modeling rare� ed gas � ows,1 collisioncross sectionsare usually

determined using phenomenological molecular models. The most
common DSMC molecularmodel is the variablehard sphere (VHS)
model, described by Bird,1 where ¾ / g¡2À . The VHS model has
the same variation of ¾¹ with g as the inverse power repulsive inter-
molecular potential, but with hard sphere scattering.Consequently,
the VHS model gives a power law viscosity relation ¹ / T À C 1=2,
which is inaccurateformost gasesoverextendedtemperatureranges
with T . 1000 K.

The generalizedhard sphere (GHS) model, introducedby Hassan
and Hash,2 is an extension of the VHS model to include terms that
model both repulsive and attractive potentials. For the GHS model,
¾ may be written as

¾ D
NX

i

¾i

³
gr

g

´2Ài

where gr D .4RT r /
1=2 and Tr is an arbitrary reference temperature.

Although any number of terms N may be used, the present analysis
is limited to N D 2. When ¾r D ¾1 C ¾2 and ¾1 D Á¾r are used, the
GHS cross section is described by

O¾ D Á Og¡2À1 C .1 ¡ Á/ Og¡2À2

Values of the constants ¾r , Á, À1 , and À2 are determined using vis-
cosity data.

The GHS model can represent the viscosity behavior of gases
more accurately than the VHS model over temperature ranges with
T . 1000 K, where attractive intermolecular forces have a signi� -
cant in� uence.Despite this advantage,it appearsthat theGHS model
is not used because of its poor computational ef� ciency. Only one
DSMC study using the GHS model appears in the refereed litera-
ture (Hash et al.3), and the model proposed by Ku†s†cer,4 which may
be considered as a special case of the GHS model, has been used
only by Boyd,5 who noted that ¾ for this model approachedin� nity
as g ! 0, but did not make any speci� c comments regarding com-
putational ef� ciency. Here we introduce a modi� cation to the GHS
model that signi� cantly improves the computationalef� ciency,with
minimal but advantageouseffectson theviscositybehaviorof argon.

Viscosity and Collision Frequency for the GHS Model
The Chapman–Enskog viscosity for a given viscosity cross sec-

tion ¾¹.g/ is

¹ D 5m

8

.¼RT/
1
2

Ä. OT /
where Ä. OT / D

Z 1

0

° 7¾¹ exp.¡° 2/ d°

For hard sphere scattering, ¾¹ D 2¾=3. It can be shown that Ä. OT /
for the GHS model is

Ä. OT / D .¾r =3/
£
Á OT ¡À1 0.4 ¡ À1/ C .1 ¡ Á/ OT ¡À2 0.4 ¡ À2/

¤

For Ar, ¾r D 6:425 £ 10¡19 m2 can be obtained by using ¹r D
2:283 £ 10¡5 Pa ¢ s at Tr D 300 K (Ref. 6) and .Á; À1; À2/ D
(0.61, 2/13, 14/13). These parameters give a reasonable � t to the
Ar viscosity data recommended by Kestin et al.6 (Fig. 1). In Fig. 1,
the reference quantities6 are as follows: ¹r D 2:283 £ 10¡5 Pa ¢ s
at Tr D 300 K. The GHS parameters are ¾r D 6:425 £ 10¡19 m2

and .Á; À1; À2/ D (0.61, 2/13, 14/13). The MGHS parameters are
® D 0 and . Og¤; OV ¤/ D . Ogmin; OVmin/ (Fig. 2). The power law relation
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Table 1 Summary of collision rates and computational ef� ciency

Tests Collisions Theoretical CPU time
performed performed collisions relative to
per ¿nom per ¿nom Acceptance per ¿nom VHS CPU

Model T , K per simulator per simulator rate, % per simulator time

GHS 100 1022 2.009 0.197 1.997 83.5
GHS 300 247.4 1.547 0.625 1.547 24.3
GHS 3000 17.76 1.200 6.76 1.182 2.29
MGHS 100 1.804 1.551 86.0 1.556 1.14
MGHS 300 2.232 1.430 64.0 1.435 1.15
MGHS 3000 2.487 1.160 46.7 1.180 1.02
VHS —— 2.390 1.201 50.3 1.190 1

Fig. 1 Reduced viscosity ¹̂/T̂1/2 = (¹/¹r)/(T/Tr)1/2 / 1/ ­ vs T̂.

Fig. 2 V̂ = V/Vr = ¾g/(¾rgr) vs ĝ = g/gr for GHS and MGHS models; see
Fig. 1.

is ¹ D ¹r .T=Tr /
1=2 C À , where À D 0:22. Note that the GHS viscosity

is unrealistically low for T . 100 K. This arises from a large cross
section and consequent high collision rate.

The probability of collision between two particles with rel-
ative speed g is proportional to ¾g D V . Figure 2 shows
OV D V=Vr D ¾g=.¾r gr / vs Og for the Ar parameters. It is apparent

that OV ! 1 as Og ! 0. The number of possible collisionpairs tested
Npairs is proportional to the maximum value of V found in the sim-
ulation, denoted Vmax . The probability of collision is given by the
ratio V=Vmax. Because Vmax becomesextremely large when possible
collision pairs having Og ¿ Ogmin are found, Npairs becomes extremely
large, and each possible collision pair has a small probability of
actually participating in a collision. This has an adverse effect on
computationalef� ciency, particularly when T is low.

The collision frequency º is given by º D nh¾gi, where h¾ gi
represents the mean value of ¾g over all possible collision pairs.
The equilibrium distribution of ° is f° D .4=¼1=2/° 2 exp.¡° 2/,
from which the collision frequency for the GHS model

ºGHS D 2nVr . OT =¼/
1
2

£
Á OT ¡À1 0.2 ¡ À1/ C .1 ¡ Á/ OT ¡À2 0.2 ¡ À2/

¤

(1)

may be obtained. If either À1 or À2 > 1
2 , as in the present case, then

ºGHS ! 1 as OT ! 0.

Modi� ed GHS Model
If the GHS model is modi� ed such that OV is limited at low Og,

the computationalef� ciency of the model will be improved.Let the
curve of OV vs Og for the GHS model be modi� ed below a transi-
tion point . Og¤; OV ¤/ on the curve with Og¤ · Ogmin . The modi� cation
is linear, such that a � nite value of OV is obtained when Og D 0. The
gradient ® D d OV =d Og of the linear portion is set equal to the tangent
slope at the transition point, given by

® D Á.1 ¡ 2À1/ Og¡2À1 C .1 ¡ Á/.1 ¡ 2À2/ Og¡2À2 (2)

Alternatively, for simplicity, ® D 0 could be used.
For Og < Og¤, OV D ®. Og ¡ Og¤/ C OV ¤, and the modi� ed GHS (MGHS)

cross section is given by

O¾ D
»

® C .1= Og/. OV ¤ ¡ ® Og¤/ when Og · Og¤

Á Og¡2À1 C .1 ¡ Á/ Og¡2À2 when Og > Og¤

Two possibilities are shown in Fig. 2: g¤ D gmin with ® D 0 and
g¤ D gmin=2 with ® set to the gradient as given in Eq. (2). The fol-
lowing equations are derived for general ®, Og¤, and OV ¤, but compu-
tational ef� ciency is examined for the � rst possibility only.

It may be shown, after considerable calculus and algebraic ma-
nipulation, that

Ä. OT / D .2¾r =3/.A C B/

where

A. OT / D ®[I7.0/ ¡ I7.a/] C OT ¡ 1
2 . OV ¤ ¡ ® Og¤/[I6.0/ ¡ I6.a/] (3)

2B. OT / D Á OT ¡À1 0
¡
4 ¡ À1; a2

¢
C .1 ¡ Á/ OT ¡À2 0

¡
4 ¡ À2; a2

¢

In.a/ D
Z 1

a

° n exp.¡° 2/ d°

where n is an integer and

0. j; ¯/ D
Z 1

¯

x j ¡ 1 exp.¡x/ dx

0. j; ¯/ is the incomplete gamma function. Algebraic expressions
for the In terms that appear in Eq. (3) are given in Ref. 1. The MGHS
viscosity is plotted in Fig. 1. At T D 100 K, ¹MGHS=¹GHS ¼ 1:025.
This ratio decreases rapidly at higher T . At very low T , the
MGHS model gives a viscosity closer to the recommendations of
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Kestin et al.6 than the GHS model. This suggests that the assump-
tion of a � nite collision probability at g D 0 is more realistic than
the in� nite value given by the GHS model.

The collision frequency of the MGHS model ºMGHS D nh¾ gi is
given by

ºMGHS D 4nVr . OT =¼/
1
2 .C C D/ (4)

where C and D are similar in form to A and B , respectively,and are
given by

C. OT / D ®[I3.0/ ¡ I3.a/] C OT ¡ 1
2 . OV ¤ ¡ ® Og¤/[I2.0/ ¡ I2.a/]

2D. OT / D Á OT ¡À1 0
¡
2 ¡ À1; a2

¢
C .1 ¡ Á/ OT ¡À2 0

¡
2 ¡ À2; a2

¢

From Eqs. (1) and (4), it can be shown that ºMGHS is considerably
lower than ºGHS for OT . 1. For example, at OT D .1; 0:5; 0:1; 0:05/,
ºMGHS=ºGHS ¼ .0:92; 0:83; 0:49; 0:35/.

Computational Ef� ciency
The computational ef� ciency of the GHS and MGHS models

under conditions of thermal equilibrium was determined by simu-
lations for a set of 1000 monatomic simulator molecules for a time
of 100¿nom , where ¿nom D ¼¹GHS=.4½RT/. The simulation time step
1t was 0:4¿nom . Temperatures of 100, 300, and 3000 K were simu-
lated. At each time step, the number of collision pairs tested and the
actual number of collisions performed were recorded. Simulations
were also performed using the VHS model, with À D 0:22 and the
viscosity matched to ¹GHS. The number of collisions per simulator
particle per time ¿nom is independent of T for the VHS model, and
a single VHS simulation was, therefore, suf� cient.

The mean results from the second-half of each simulation are
summarized in Table 1. The results are subject to statistical scat-
ter, but demonstrate the poor computational ef� ciency of the GHS
model, even at high temperatures. This inef� ciency is caused pri-
marily by the high number of pairs tested at each time step due to
very high values of Vmax, but also by the higher collision frequency.
The MGHS model requires no more than 15% more CPU time than
the VHS model.

Conclusions
The GHS model can be modi� ed to limit the collision probability

at low collision speeds.This improves the computationalef� ciency
both because the number of possible collision partners that must be
testedis dramaticallyreducedandbecausethecollisionrate is lower.
No more than 15% extra computational time is required, compared
with the VHS model. For argon at T ¼ 100 K, the theoretical vis-
cosity is changed by less than 2.5%, and this difference decreases
rapidly as T increases.The modi� ed viscosity is in better agreement
with recommendedviscosityvalues.This modi� ed generalizedhard
sphere model can be used in DSMC simulations, where, to obtain
realistic viscosity behavior at low T , it is necessary to model the
effect of the attractive portion of the intermolecular potential.
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Nomenclature
A = dimensionless parameter (D ad j =V j /
a = radial velocity gradient at the outer

edge of the boundary layer
cp = speci� c heat at constant pressure
d = disk diameter
d j , h j = jet nozzle diameter and nozzle-to-diskdistance
k = thermal conductivity
Nud = local Nusselt number (D qwd=[k.Tw ¡ T1/])
Pr = Prandtl number (D ¹cp=k/
qw = heat � ux at the wall
Re j = jet Reynolds number (D V j d j =º/
Re! = rotational Reynolds number .D !d2=º/
r , ’, z = radial, tangential, and axial cylindrical coordinates
T = temperature
V j = axial velocity at in� nity or at the nozzle outlet
vr , v’ , vz = radial, tangential, and axial velocity components

in cylindrical coordinates
± = boundary-layer thickness
N±¤¤
T = enthalpy thickness

Á
D

Z 1

0

vr

!r

T ¡ T1

Tw ¡ T1
d»

!

· = nondimensionalparameter (D a=!/
¹; º = dynamic and kinematic viscosity
½ = density
¿wr = radial shear stress [D ¹.dvr =dz/z D 0]
¿w’ = tangential shear stress [D ¹.dv’=dz/z D 0]
Â = Reynolds analogy parameter

fD qw!r=[¿w’cp.T1 ¡ Tw/]g
! = angular speed of rotation

Subscripts

j = parameters of the impinging jet
w = wall
0 = free disk
1 = outer edge of the boundary layer

Introduction

U NDERSTANDING of peculiarities of real jets is frequently
based on the solutions of simpli� ed problems. For an
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